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We study the spin- 1
2
Kitaev-Heisenberg (KJ) model in a two-leg ladder. Without a Heisenberg interaction,
the Kitaev phase in the ladder model has Majorana fermions with local Z2 gauge fields, and is usually described
as a disordered phase without any order parameter. Here we prove the existence of a non-local string order
parameter (SOP) in the Kitaev phase which survives with a finite Heisenberg interaction. The SOP is obtained
by relating the Kitaev ladder, through a non-local unitary transformation, to a one-dimensional XY chain with
an Ising coupling to a dangling spin at every site. This differentiates the Kitaev phases from other nearby phases
including a rung singlet. Two phases with non-zero SOP corresponding to ferromagnetic and antiferromagnetic
Kitaev interactions are identified. The full phase diagram of the KJ ladder is determined using exact diagonal-
ization and density matrix renormalization group methods, which shows a striking similarity to the KJ model
on a two-dimensional honeycomb lattice.
Introduction – Topological quantum phase transitions
(QPT) at zero temperature do not involve any local order pa-
rameter. Due to the absence of a local order parameter, con-
ventional Landau theory fails and characterizations of such
transitions has become one of the challenging tasks in modern
condensed matter physics. In one-dimensional (1D) systems,
a topological QPT may be accompanied by a non-local string
order parameter (SOP). The best example is the spin S = 1
Haldane phase [1, 2]. A feature of the Haldane phase is the
breaking of a hiddenZ2×Z2 symmetry revealed by a SOP de-
fined through a non-local unitary transformation [3–6]. How-
ever, identifying a relevant SOP in S = 12 ladder systems is
a non-trivial task, particularly for highly frustrated spin inter-
actions, although heuristic extensions of the S = 1 SOP to
S = 12 ladders have been discussed [7–12].
We study the S = 12 Kitaev-Heisenberg (KJ) model in
a two-leg ladder. The Kitaev model is described by bond-
dependent interactions between nearest neighbors on a two-
dimensional (2D) honeycomb lattice [13]. Taking two rows
of the honeycomb lattice and connecting the dangling bonds
(dashed lines in Fig. 1) generates a two-leg ladder with bond-
dependent interactions. A previous study[14] showed that this
simplified ladder captures the exact phase transition bound-
aries between the two gapped (Ax, Ay) and a gapless (B) spin
liquid occurring in the 2D honeycomb limit [13], despite the
fact that all the equivalent phases are gapped in the ladder ge-
ometry. The naming convention of phases follows Ref. [13].
One of the gapped phases, which becomes the gapless (B)
Kitaev spin liquid in the 2D limit, was characterized as a dis-
ordered phase without any order parameter [14, 15].
Here we prove the existence of a long-range non-local SOP
in this phase which survives with a finite Heisenberg inter-
action. The full phase diagram of the Kitaev-Heisenberg (KJ)
model on the ladder is determined using the exact diagonaliza-
tion (ED) and density matrix renormalization group (DMRG)
techniques. A striking similarity to the 2D phase diagram on
the honeycomb lattice[16] is found, despite the different ge-
ometries. The SOP differentiates the Kitaev phase from a rung
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FIG. 1. (Color online) Phase diagram of the KJ model as a function
of φ with numerically determined phase boundaries labeled by black
bars. Six phases are identified. The rung singlet (RS) is a singlet
state, and the ZZ and ST phases have a ferromagnetic Ising order-
ing only along a leg and rung, respectively shown by colored spins
with accompanying quantization axes. FM has a ferromagnetic long
range order. AFK and FK are the Kitaev phases. The phase transi-
tion boundaries are similar to those of the two-dimensional (2D) KJ
model. The two-leg ladder with bond definitions for the Kitaev term
in Eq. 1 is depicted underneath with bond-dependent interactions
denoted by x, y, and z.
singlet, and other phases corresponding to the zig-zag, stripy,
and ferromagnetic phases found in the 2D limit are also cap-
tured in the ladder.
Phase diagram – The KJ Hamiltonian defined on a two-leg
ladder is given by
H = K
∑
γ∈〈i,j〉
Sγi S
γ
j + J
∑
〈i,j〉
Si · Sj , (1)
where S = 1/2, 〈i, j〉 are site indices defined on nearest-
neighbor bonds, and γ = x, y or z depending on bond type as
shown in Fig. 1. The first term is the bond-dependent Kitaev
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2interaction while the second is the isotropic Heisenberg inter-
action. We parameterize the spin exchanges by K = sinφ
and J = cosφ where φ ∈ [0, 2pi). When φ = pi2 or 3pi2 , the
Hamiltonian reduces to the Kitaev ladder studied in Ref. [14].
We first determine the entire phase diagram of the Hamilto-
nian as a function of φ. We have numerically diagonalized the
KJ model using ED on a N = 24 site ladder using periodic
boundary conditions (PBC), and DMRG. Phase boundaries
were determined by identifying singular features of the second
derivative of the ground state energy per site, χE = −∂2φe0,
the presence of a gap and the presence of a non-zero SOP.
Six different phases were identified as shown in Fig. 1: (a) a
rung singlet (RS) [17–19] phase with a gap, (b) an easy-plane
ferromagnetic (FM) phase, (c) a gapped phase with oppos-
ing long-range FM Ising order on each leg (ZZ), (d) a gapped
phase with alternating long-range FM Ising order on the rungs
(ST), and (e) antiferromagnetic Kitaev (AFK) and (f) FM Ki-
taev (FK) phases.
The AF and FM Heisenberg limits at φ = 0 and pi are lo-
cated in the RS and FM phases (black dots in Fig. 1). In
the thermodynamic limit, the ZZ, ST, AFK and FK phases
all have two-fold degenerate ground-state while the RS phase
has a unique ground-state. We estimate the other transi-
tions as: RS-AFK: φ ' 0.487pi, AFK-ZZ: φ ' 0.53pi, ZZ-
FM:' 0.81pi, FM-FK: φ ' 1.377pi, FK-ST: φ ' 1.563pi
and ST-RS:φ ' 1.71. We note that despite the manifestly
1D nature of the ladder geometry, the phase diagram is strik-
ingly similar to that of the 2D honeycomb phase diagram for
the Kitaev-Heisenberg model that has been previously stud-
ied [20–22] and we have chosen the naming of the ZZ and ST
magnetically ordered phases to correspond. The only qual-
itative difference though is that at the AFK to ZZ transition
no feature is observed [12] in χE nor in the fidelity suscepti-
bility in the ladder, implying that the transition is likely high
order with 2/ν − d < 0 [23] or ν > 2, which is different
from the 2D honeycomb. A level-crossing between the two
ground-states, split by finite-size effects, is however observed
at φ ' 0.515pi [12]. A further discussion on this transition is
presented later.
Let us first focus on the nature of Kitaev phases near
φ = pi2 and
3pi
2 . The ground states of the ladder at the Ki-
taev points, with±K, have been described as disordered with-
out a SOP [14, 15]. Here we demonstrate the existence of a
long-range SOP in both AFK and FK phases with and without
Heisenberg interaction. We shall do this by explicitly estab-
lishing a non-local unitary transformation V that maps H to
another Hamiltonian with a non-zero local order parameter.
Applying the inverse transformation to this local order param-
eter then yields the (hidden) SOP in the original model. As we
shall demonstrate, this SOP differentiates the Kitaev phases
from neighboring phases.
The Unitary operator V – Previous studies [4–6] have ex-
clusively considered S = 1 models for the technical reason
that the integer spin identity exp(2ipiSxj S
z
k) = I is not satis-
fied for S = 12 . However, here we show that even without this
identity one can still define a suitable unitary operator for the
Kitaev ladder. In order to define such a unitary operator, we
group the S = 12 spins in pairs. While it is possible to group
any two spins into a pair, we make the simple choice to group
spins on the rungs of the ladder. Following the numbering
convention of the lattice sites shown in Fig. 1 we then define
the following non-local unitary operator for a N -site ladder
with open boundary conditions (OBC):
V =
∏
j+1<k
j odd, k odd
j=1,...N−3
k=3,...N−1
U(j, k), (2)
where the individual U(j, k) given as follows: U(j, k) =
eipi(S
y
j+S
y
j+1)(S
x
k+S
x
k+1). Clearly, all U(j, k) are unitary and
therefore also V ; and, as mentioned above, j, j + 1 and
k, k + 1 group the S = 12 spins on a rung. We note that,
[U(j, k), U(l,m)] = 0 ∀ j, k, l,m which allows us to rear-
range terms in a convenient manner.
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FIG. 2. (Color online) (a) The movement of bonds by the unitary
operator V is indicated in the first part of the chain. Schematic view
of (b) the ordering at the AF Kitaev point, φ = pi
2
, and (c) the FM
Kitaev point, φ = 3pi
2
for theHd−Z . In each case one of 2 degenerate
ground states is shown, with the other one obtained by interchanging
up and down spins on the dangling spin sites.
Under the unitary transformation V the individual spin op-
erators Sαi will transform in a way that depends on i as shown
in the supplementary materials (SM). Note that V effectively
moves the bond and changes the sign of the interaction as
sketched in the Fig. 2(a). Using the numbering of the sites
as in Fig. 1, we find that the interactions around a plaquette
transform under V as follows:
V Sx4n+1S
x
4n+3V
−1 = −Sx4n+1Sx4n+4
V Sx4n+2S
x
4n+4V
−1 = −Sx4n+2Sx4n+3, (3)
with n = 0, 1, 2, .... For the y − y interaction, it changes to
V Sy4n+1S
y
4n+3V
−1 = −Sy4n+2Sy4n+3
V Sy4n+2S
y
4n+4V
−1 = −Sy4n+1Sy4n+4, (4)
3On the other hand, the z − z interaction on the rungs, i.e.,
Szi S
z
i+1 for i = 1, 3, 5... is unchanged. Other transformations
of interaction terms are given in the SM.
With these transformations we see that the original Kitaev
Hamiltonian in Eq. (1) (with J = 0 and OBC) is transformed
as V HV −1 = Hd−Z with:
Hd−Z =K
∑
n=0
S˜z2n+1S˜
z
2n+2
−K
∑
n,α=x,y
(
S˜α4n+1S˜
α
4n+4 + S˜
α
4n+4S˜
α
4n+5
)
, (5)
where S˜ denotes the spins in Hd−Z . The transformed Hamil-
tonian is essentially an XY chain with Ising coupling to a
dangling spin at every site, which we therefore name the
“dangling-Z” model.
Hd−Z has several interesting properties, most importantly,
all the “dangling” S˜z commute with Hd−Z . With our num-
bering:[
S˜z4n+2, Hd−Z
]
= 0,
[
S˜z4n+3, Hd−Z
]
= 0. n = 0, 1, 2
(6)
Hence, each eigenstate of Hd−Z will be part of a 2N/2 mani-
fold of states generated by the different configurations of the
free S˜z spins. All 2N/2 states are two-fold degenerate, corre-
sponding to flipping all the dangling spins. Sketches of one of
the two ground-states at the Kitaev points with the dangling-Z
spins fully polarized are shown in Fig. 2(b) and (c). Following
Kitaev’s idea, one can represent Hd−Z in terms of Majorana
operators. Hd−Z can be mapped to free Majorana fermions
along the deformed zig-zag chain which couple to a Z2 flux at
dangling sites via the S˜zS˜z interaction as shown in the SM.
Thus the 2N/2 manifold of states can be understood in terms
of Z2 flux degrees of freedom.
String Order Parameter – With the dangling spin integrals
of motion it is clear that Hd−Z can have long-range order
in the sense that limr→∞〈S˜αi S˜αi+r〉 6= 0, α = x, y, z. We
can then define string correlation functions in the original H ,
Eq. (1), that are ordinary correlation functions in the trans-
formed Hamiltonian,Hd−Z . We define a z−string correlation
function starting from the leftmost dangling site 2:
〈Oz(r)〉 = 4〈S˜z2 S˜z2+r〉 = (−1)b(r+1)/2c
×

〈σy1σx2
(∏r+1
k=3 σ
z
k
)
σx2+rσ
y
3+r〉 r odd
〈σy1σx2
(∏r+1
k=3 σ
z
k
)
σy2+rσ
x
3+r〉 r even,
(7)
where σi are the Pauli matrices in the original H . Note that
Oz(r) contains a combination of x, y, z Pauli matrices. With
this definition, long-range order in 〈S˜zi S˜zi+r〉 results in long-
range order in Oz(r). Similarly, an x-string operator that
starts in the leftmost site 1 is found:
〈Ox(r)〉 = 4〈S˜x1 S˜x1+r〉 = (−1)b(r+1)/2c
×

〈σx1
(∏r−1
k=3 σ
x
k
)
σxr 〉 r odd
〈σx1 (
∏r
k=3 σ
x
k)σ
x
r+2〉 r even
(8)
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FIG. 3. (Color online) 〈Oz〉 determined from DMRG calculations
on a ladder with N = 120/400 sites (solid/open red circles) and
OBC with a typical truncation error of 10−11. (a) near the AFK
(Inset for 〈Oz(r)〉 vs r at φ = 0.51pi), and (b) near the FK (Inset
for 〈Oz(r)〉 vs. r at φ = 1.40pi). The energy gap to the first excited
state, ∆E1 and the second excited state ∆E2 are shown by blue
triangles and green circles, respectively. Both gaps are determined by
DMRG calculations with N = 60 and PBC with a typical truncation
error of 10−9(10−6) on the ground (excited) state.
with a similar expression for the y-string operator. Note that,
in this case the string of σx’s is not consecutive.
It is clear that Oz(r) is long-ranged at the Kitaev points,
φ = pi/2 and 3pi/2, because of the dangling S˜z local integrals
of motion. However, in the presence of a non-zero Heisen-
berg term J , new terms arise in V HV −1 (see supplemental
material) which is no longer simply equal to Eq. (5). It is
therefore not at all obvious that Oz(r) will show long-range
order. To understand the hidden order near the Kitaev points
with J 6= 0, we define an associated string order parameter as
follows:
Oz =
√
|Oz(3L/4)|max (9)
where |Oz(3L/4)|max refers to the maximal value Oz(r)
takes in the neighborhood of r = 3L/4. This definition
avoids effects from the open boundary at r = L. With this
definition of an SOP, we can now map out the phase around
φ = pi/2 and φ = 3pi/2 where the “hidden” order associ-
ated with the z-string correlation functions Oz(r) is present.
On the other hand, the x- and y-string correlation functions
Ox/y(r) show exponentially decaying behavior at the Kitaev
4points, Ox/y(r) = ae−r/ξ with ξ ∼ 4 [12], and Ox/y is not
long-ranged in the FK and AFK phases although it is trivially
long-range in the FM phase where instead Oz is zero.
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FIG. 4. (Color online) Entanglement spectrum (ES) partitioned with
a cut of one middle rung is shown around (a) the AFK and (b) FK
phases with N = 400 and OBC. Open and filled red circles, open
and filled blue triangles, and open and filled green squares corre-
spond to the 1st to 6th eigenvalues, respectively. See the main text
for implications of the ES results.
Numerical results for 〈Oz〉 as well as the gaps ∆E1 and
∆E2 to the first and second excited states are shown near
the AFK and FK phases in Fig. 3. Clearly, 〈Oz(r)〉 attains
the extremal values of ±1 in both cases exactly at the Kitaev
points even though we have verified that all usual spin-spin
correlators are extremely short-range. Here, 〈Oz〉 is obtained
from the 〈S˜z2 S˜z2+r〉 correlation function but we have checked
that using 〈S˜zN/2S˜zN/2+r〉 only makes minor changes. In the
N → ∞ limit the SOP remain finite in the FK and AFK
phases with ∆E1 and ∆E2 disappearing at the quantum criti-
cal points.
Entanglement spectrum – A topological phase is character-
ized by a double degeneracy of the entire entanglement spec-
trum (ES) [24, 25] obtained from the Schmidt coefficients λα
of the partition. Indeed the ES spectrum shown in Fig. 4
is doubly degenerate for both AFK and FK, and RS when
partitioned with one middle-rung cut as shown in the 12-site
ED with open boundary conditions (Fig. 9 in the SM). The
middle-rung cut is important to generate the double degener-
acy of the ES because a pairing term of Majorana fermions oc-
curs via the dangling sites inHd−Z as shown in the SM. Thus,
without the middle rung cut, the degeneracy is not expected.
We have indeed confirmed that a vertical cut, not involving
the middle-rung, does not give the ES degeneracy.
Note that in the FK and AFK the lowest ES eigenvalue is
sporadically near four-fold degenerate. This tendency is more
pronounced at smaller system sizes and presumably arises
from the near two-fold degeneracy of the ground-state [12].
The transition between the FK and ST/FM as well as the AFK-
ZZ transition is signalled by the disappearance of the double
degeneracy present in the FK. However, with our cut the RS-
AFK transition is between two phases both with doubled ES
that can only be differentiated by the SOP. It is also impor-
tant to differentiate the different natures of RS and AFK/FK.
The edge states of RS are S = 12 , as they appear when a sin-
glet formed on the middle rung is cut, while the edge states of
AFK/FK are Majorana fermions. They are fractionalized ex-
citations of S = 12 , similar to the original Kitaev honeycomb
model.
The ES flow at the AFK-ZZ is rather unusual. There is a
disruption around 0.515pi due to a ground state level cross-
ing. Then at the AFK-ZZ transition φ ∼ 0.53pi there is no
noticable change in the degeneracy, instead, at the larger φ of
0.535pi the double degeneracy abruptly disappears. This point
shifts toward the actual transition point, as the system size
increases implying that the degeneracy splitting occurs only
when the system size is larger than the correlation length. A
further study is required to fully understand the nature of the
AFK-ZZ transition.
Summary and Discussion – Here we have proven the exis-
tence of a non-local SOP in the ladder of the Kitaev model
which is one of the unique quantities that characterize topo-
logical QPTs. We have shown that this SOP is non-zero in
the AFK and FK phases of the KJ ladder both with and with-
out Heisenberg term differentiating them from other nearby
phases. This is in contrast to the current understanding that
these phases are disordered.[14] Furthermore, the transition
boundaries surrounded by the AFK and FK phases are very
similar to those of the 2D honeycomb limit[16] implying that
the transitions are determined by the closing of the gap of the
phases.
The ladder ZZ, ST, and RS phases will go through QPTs
since a local order parameter associated with a magnetic or-
der occurs in the 2D limit. On the other hand, AFK and FK
phases become the gapless Kitaev spin liquid in the 2D limit.
While one expects a topological QPT, as the system goes from
a low dimensional gapped phase to a higher dimensional gap-
less non-Abelian phase, a long-range entanglement seems to
develop only in the true 2D limit. Such development of long-
range entanglement starting from the gapped phase of the lad-
der with its characteristic SOP to the 2D Kitaev spin liquid
is a particularly interesting question for a future study. Addi-
tionally, further studies on the Kitaev model including other
interactions and/or magnetic field using the ladder geometry
will advance our understanding of Kitaev materials.
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